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Abstract 

We examine Sen's descent relations among (non-)BPS D-branes by using low 
energy effective field theories of DpDp system. We find that the fluctuation 
around the kink solution reproduces the low energy matter content on a non- 
BPS D(p— l)-brane. The effective action for these fluctuation modes turns out 
to be a generalization of Minahan-Zwiebach model. In addition, it is shown 
that the fluctuations around the vortex solution consist of massless fields on 
a BPS D(p — 2)-brane and they are subject to Dirac-Born-Infeld action. We 
find the universality that the above results do not refer to particular forms of 
the effective action. 
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1 Introduction 



Sen's conjectures on tachyon condensation [jl] have contributed immensely to the develop- 
ment of study of non-perturbative features in string theories. The conjectures are basically 
composed of three parts: (a) The potential height of the tachyon potential exactly cancels 
the tension of the original unstable D-brane. (b) At the stable true vacuum, the original 
D-brane disappears and closed string theory is realized, (c) The kink-type tachyon con- 
densations correspond to lower dimensional D-branes and organize "Descent relations" 
between stable and unstable D-branes (see Fig. 1). These conjectures have been exam- 
ined from various viewpoints in string/M theory, such as boundary string field theories 
(BSFT) 0, cubic/vacuum string field theory (C/VSFT), K-theory, and non-commutative 
solitons. The conjecture (a) was verified || f|, || in the BSFT, while the conjecture (b) has 
been challenged by the C/VSFT approach. The conjecture (c) has been supported from 
the success of the K-theory, and the non- commutative solitons gave a partial evidence 
also for (c). 
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Figure 1: The descent rela- 
tions for the tachyon con- 
densations. We omit the 
(2) horizontal arrows which re- 

late type IIA with type IIB, 
since they only denote the 
truncation of the fields. 



All of the above conjectures are involved with non-perturbative phenomena in string/M 
theory, thus non-perturbative analyses, such as string field theories treating all the massive 
modes at once, are necessary. However, we understand that the history of the development 
of string theory in these six years tells us that the low energy effective theory approach is 
powerful and promising. This approach is closely related to the BSFT in which one turns 
on only certain profiles of string excitation modes. Since the study of (b) requires s <-> t 
channel duality, this needs all the massive modes of open string excitation. However, the 
conjecture (c) is in our reach even by the low energy effective field theory approach, if we 
appropriately incorporate some of the BSFT results on the exact tachyon potentials. 

The field theory models proposed by J. Minahan and B. Zwiebach (we call MZ models) 
II 0; HI S ave a verification of a part of the descent relations (the arrow (3) in Fig. 1 and the 
descent relations among bosonic branes), at the level of low energy effective field theories 
(see also ||). The MZ models include a tachyon field, and were proposed as a toy model 
of the tachyon condensation. They have kink solutions corresponding to co-dimension 
one BPS D-branes, and the fluctuations around the solutions are exactly solvable. The 
resultant fluctuation spectra have equal mass-squared spacing, which resembles to the 
spectra of the BPS D-brane. In fact, it turned out |^, [5| that the MZ model is actually 
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a two-derivative truncation of the BSFT action of a non-BPS D-brane in type II string 
theories. This consistency provided a further support to the verification by the MZ model. 

In this paper, we investigate the descent relations (1) and (2) in Fig. 1, by use of low 
energy effective field theories. Both arrows have their starting point at the DpDp system, 
therefore we use effective actions for the DpT)p which are basically derivative truncation 



of the BSFT results [10, |TT |. The tachyon condensation (1) is the process of creating a 
co-dimension one defect, therefore we study a kink solution in the DpDp effective action. 
The kink represents the non-BPS D(p — l)-brane. Performing the fluctuation analysis 
around this kink, we obtain an effective action describing the kink, and we show that 
it coincides with the MZ model action which was the starting point of the arrow (3) in 
|7|, |8|. On the other hand, the process (2) is the creation of a co-dimension two defect, a 
vortex, which represents a BPS D(p — 2)-brane. Although Derrick's theorem prevents us 
from obtaining naive co-dimension two solution, we consider higher derivative terms and 
obtain a nonsingular vortex solution. We perform the fluctuation spectra and obtain the 
massless spectra of the BPS brane, and show that those modes obey Dirac-Born-Infeld 
(DBI) action which is a correct low energy effective action of the BPS brane. One should 
note that the arrow (2) is different from the naive successive analyses (1) + (3), since the 
classical solution in (3) is not exactly marginal in (1). 

Furthermore, we can show the universality that our results do not depend on the 
particular form of the action at the starting point. Requiring the properties followed 
from the BSFT, we write a rather general action and reproduce most of the results above 
under a few assumptions. We believe that our analysis provides a strong evidence for 
Sen's conjecture at the effective theory level. 

The organization of this paper is as follows. In Sec. 2, after reviewing the Minahan- 
Zwiebach model, we show the descent relation from D9D9 system to the non-BPS D8- 
brane in Type IIB string theory concerning the tachyon condensation (1) by examining 
the fluctuations around the kink solution of the D9D9 effective action. In Sec. 3, we 
show the descent relation (2) which is the tachyon condensation from the D9D9 system 
to the BPS D7-brane. The universality in each case is shown in the respective sections. 
We conclude with a summary and discussions in Sec. 4. The appendix is concerning the 
construction of bound states of D-branes in tachyon condensation. 



2 Kink Solution 

In this section, we derive the Minahan-Zwiebach (MZ) model (which is a low-energy 
effective description of a non-BPS D8-brane) from a tachyon kink solution in a D9D9 
system. This verifies a part of Sen's descent relation, the arrow (1) in Fig. 1, at the level 
of effective field theories. We focus on the case p = 9 for the rest of this paper, and 
generalization to the other dimensions is straightforward. 



2 



2.1 Review of Minahan-Zwiebach model 



The Minahan-Zwiebach models || 0, [8] are low energy effective models which embody the 
tachyon dynamics for unstable D-branes in (super) string theories. Although the models 
were first proposed as a toy model capturing desirable properties of string theories, it 
turned out |]3], [7|, [5| that one of the models is a derivative truncation of the BSFT action 
of the non-BPS branes. 

Since we shall use some of the techniques developed by Minahan and Zwiebach, in 
this subsection we review their methods. The "superstring" model which is related to the 
BSFT is described by the action 

S = T jd 9 xe- T2 / a (l + (d,T) 2 ). (2.1) 

This action is the two- derivative truncation of the tachyon action of the BSFT. Here T is 
the tension of the non-BPS D8-brane, and the dimensionality of the numerical parameter 
a is retained^ by a'. The equation of motion is solved by a linear tachyon profile T = x§ 
which interpolates two vacua of the theory, T = ±oo. The center of the kink sits at 
x$ = 0, which can be viewed from the fact that the perturbative unstable vacuum is at 
T = 0. Let us consider the fluctuation t around the kink solution, 

T = x 8 + t(x). (2.2) 



Substituting this into the action (|2.1|), we have 



S = T J d 9 xe~^ a ( _ 1^) 2t 2 - - a x,td,t + (d^ . (2.3) 

After a partial integration and the field redefinition 

t = e- x * /2a t, (2.4) 

we obtain 

s = r/A( (W + f -(-g + f|_I)i). (2 . 5) 

where fi runs over all the directions except for x 8 which is the direction transverse to 
the brane. From the above expression, the x§ dependence of the fluctuation ti obeys a 
Schrodinger equation of a harmonic oscillator, thus the mass squared for the fluctuation 
is equally spaced and specified by an integer n, 

m\ = — , n > 0. 2.6 

a 

There is no tachyonic fluctuation, the mass tower starts from a massless state and has 
the equal spacing. This result is consistent with the identification of this kink as a BPS 



1 To obtain the precise mass squared for the tachyon around the perturbative vacuum T = 0, we have 
a = 2a'. 
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D7-brane. Furthermore, the mass squared of the original tachyon field is m 2 -, = — -, 
therefore the spacing of mass levels is twice the value of \m^\, as is also consistent with 
string theory. 

If we include a gauge field in the original model, then we can get even the gauge modes 
on the resultant kink BPS D7-brane. Observation in the BSFT tells us that the coupling 
between the gauge field and the tachyon potential on the non-BPS D8-brane is provided 
through the Born-Infeld action as || 



S = T Jd 9 x e~ T2/a ^det (l^ + VbF^. (2.7) 

A sigma-model analysis shows that the parameter b is (2ira f ) 2 . We are working in the 
approximation of the two-derivative truncation, 



S = T Jd 9 x e~ T2 ' a (l + (d,T) 2 + h -F 2 \ . 



{21 



The classical solution for the action is T = x$, = 0. The gauge fluctuation around 
this solution is subject to the following second order action 

S = bT J d 9 x e~ T2 / a (-FpFi* + -dsA/xdsA^ , (2.9) 

where we have chosen the axial gauge condition A s = 0. After the field redefinition 
Ajx = e~ x »^ 2a Af 1 , the action ( |2.9| ) is rewritten as 



S = bT d 9 x 



4 ^ + 2 M l dx 2 + a 2 a ' 



(2.10) 



Therefore, the mass spectrum of the gauge fluctuation starts from massless gauge modes 
and is equally spaced, 



2n 
a 



™%=—, n>0. (2.11) 



This result is also consistent with the expectation from the spectra on the BPS D7-brane. 

The Minahan-Zwiebach "superstring" model provides a suitable example realizing 
various aspects of the tachyon condensation on non-BPS branes, in particular a part of 
the descent relations.^] The background consistency with the BSFT ensures this success, 
and we employ this philosophy to check the other part of the descent relations in the rest 
of this paper. 

furthermore, it is known that the massless fields obtained here generally obeys the dimensionally 
reduced Born-Infeld action which is an effective action of a D7-brane [12|. 



4 



2.2 Kink solution in brane antibrane system 

The other important part in Sen's descent relations is the relation between the D9D9 and 
a non-BPS D8-brane. The latter is conjectured to be a kink solution of the former. In 
order to show this conjecture at the effective theory level, first we follow the procedures 
of the analysis reviewed in the previous subsection. 

The effective action of the D9D9 system in the two derivative truncation is written as 



1CL 11 



S = 2T D9 | d 10 x e^(l + \D^Tf + \b{F^f + ±&(F«) 2 ), (2.12) 

where T = T\ + 1T2 is a complex tachyon charged under the gauge field \ 

D^T = d^T - iA { - ] T. (2.13) 

The fields are the linear combinations of the gauge fields on the brane and the 
antibrane, 

A^ = A^±A^\ (2.14) 

and a, b are dimensionful numerical constant which can be determined by the BSFT 
analysis, string sigma model calculation, or string scattering amplitude.^ 

Classical solution 



The equations of motion for this action are 
1 



T{l + \{F^f + \{F^-T{D,Tf 



D^D^T = 0, (2.15) 



4(e" |Tp/ ^) = 0, (2.16) 
ie-mV^TD^ - TD,T) + W^e-^F^) = 0. (2.17) 

Note that putting T 2 = A^~' = makes the action and equations of motion reduce to 
those of the MZ model. In particular, the third equation ( 2.17] ) which came from the 
differentiation with respect to A^ is trivially satisfied by this condition. Therefore, the 
kink solution of the MZ model is inherited to our situation. The desired solution is 

T = x 9 , 4±) = 0. (2.18) 



Fluctuation analysis 

Let us consider the fluctuation around this kink solution. As is obvious, the fluctuation 
spectra for the fields 7\ and A^ are precisely the same as in the previous subsection, 
thus we obtain 

2 2rii 2 2n2 

m t = , m .(+) = where rij > 0, i = 1,2. (2.19) 

a A ji a 

3 To be precise, here we have a — 2a' and b = (2ira') 2 , as mentioned in the previous subsection. Note 

that the value of a depends on the renormalization scheme in the BSFT and the sigma model approach 

©■ 
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Here we denote the fluctuation of T\ as t\. The lowest modes of these fluctuations are 
zero modes, and especially the t\ zero mode corresponds to the scalar field on the non- 
BPS D8-brane, representing the transverse displacement of the brane. This must have 
appeared by the Nambu-Goldstone theorem, since the translational invariance along xg 
direction is broken by the kink solution. 

Another notable point about the zero modes is the x 9 dependence. Since we solved 
the harmonic oscillator problem for ii and A^~\ the ground state's wave functions are 
gaussian: 

x 9 

[xg part of ti(xo, x\, ■ • • , xg)] = e ^ . (2.20) 



Therefore, turning back to the field redefinition (|2.4j) , we can show that the zero modes 
of t\, are independent of Xg. This kind of the property of the lowest fluctuation was 
observed first in the bosonic D-brane system ||]. 

The fluctuation analysis for the other fields T 2 and can be performed in the same 
manner. [| First, we consider the fluctuation of T 2 around the classical solution which is 
written as 

T = x 9 + it 2 {x), = 0. (2.21) 
Substituting this into the action (|2.12| ) and picking up the second order terms, we obtain 



2 



S t2 = 2T D9 / d w x e * \--t* + (d,t 2 ) 2 ) . (2.22) 
After the same redefinition £ 2 — e~^t 2 , the fluctuation action is written as 



S = 2T D9 / d w x ( ( ^ - - a ) tl + {d,t 2 f ) . (2.23) 



Therefore the series of the mass squared begins with the negative mass squared, which is 
expected to exist as a tachyonic mode of the non-BPS D8-brane, 

, 2(ra-l) , JS 

m 2 t = — S n > 0. 2.24 

a 

The mass squared spacing is the same as that of t\ fluctuations. Again, the lowest mode 
is independent of Xg. 

Since there should be a single massless gauge field on the resultant non-BPS D8-brane, 
the fluctuation of another gauge field A^ ^ must be massive. We shall see this below. The 
fluctuation we consider here is 

T = xg, 4 + > = 0, AH = 4-\x). (2.25) 

4 We treat fluctuations of the fields one by one separately, since generically it is difficult to diagonalizc 
all of the fluctuations. We shall discuss this point in the final section. 
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Following the same procedures with the field redefinition = A^ , we have 



S = 2T D9 I d w x( b -: + 



4 V ^ v J 2 M 



-31 + + 



4 _) ) • < 2 - 26 ) 



where the indices jl, v run over 0, 1, • • • ,8, and the gauge fixing condition d^A^ ^ = has 
been used. The mass squared is given as 



■> /2 1 2 1 1 , 

m 4:' = 2 "V6 + ^ + V6 + ^"' (2 ' 27) 

The lowest mode of these fluctuations is massive, as expected. It does not appear in the 
low energy effective theory of the kink. 

We have seen that still has a massless mode while A^ becomes massive. One of 
the physical explanation is as follows. The tachyon field couples only to A^~\ thus if the 
tachyon condenses, the gauge field A^ is Higgsed and becomes massive.Q On the other 
hand, T is neutral under A^ + \ thus A^ stays massless after the tachyon condensation. 
One can see this in another way. The gauge field A^ is responsible for the lower- 
dimensional D-brane charges, as seen in App. A as an example. Therefore A^ should 
remain massless on the kink (or also on the vortex as we shall see in the next section). 

Effective action 

In the end, we summarize this subsection by writing the total effective action obtained 
from the above fluctuation analysis. The gauge field A^ does not appear in the low energy 
region. We substitute the lowest fluctuation modes into the action fl2.12| ) and obtain 



Stat = 2T D9 J d ™ xe -i**+ttfh-W* (2 + (<9 A tx) 2 + (d^h) 2 + ~(F| 

= 2T D9 J d\ e-'i/" (^2 + {d^f + {d^hf + h -{F^ ] )^j J d(x 9 + t 1 (x A ))e"^ +tl ) 2 / a 
= 2T D9V ^F J d 9 x e-^ a (2 + (<V 2 ) 2 + (d^) 2 + J(F<t>) 2 j . (2.28) 

In the second equality, we have used the fact that £1,^3 an d A^ are independent of xq. 
The third equality is obtained by the integration over the transverse direction. Due to 
the gaussian factor, we can say that the defect described by the action ( |2.28| ) is located 
at Xg = —ti(xp). This action ( |2.28| ) is precisely identical with the effective action of a 



non-BPS D8-brane. The difference from the action of the MZ model (|2.1|) is that now it 



is generalized to incorporate the transverse scalar field on the non-BPS brane. The way 
it is included in is just the same as the two- derivative truncation of the BSFT action for 
the non-BPS D8-brane. 

Thus, we have shown the decent relation from D9D9 system to the non-BPS D8-brane 
by directly examining the fluctuations around the kink solution of the D9D9 effective 
action. 



5 However, our tachyon condensation is a linear profile, hence a naive mass of the Higgsed gauge field 
A(~^ vanishes at x 9 = 0. This is against our expectation and too naive, thus we have needed the precise 



fluctuation analysis (2.27) 
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2.3 General action and universality of the results 

Although the results obtained in the previous subsection are desirable, they may depend 
on the choice of the effective theories. In this subsection, we show that the results of the 
previous subsection are in fact quite general, in the sense that the results do not depend 
on the specific form of the Lagrangian. If we remember that the preferable properties of 
the MZ model are intrinsically due to its relation to the BSFT, the general Lagrangian 
should be constrained by some results of the BSFT. Here we respect the properties of the 
BSFT action derived for linear tachyon profiles. Since in the BSFT it is difficult to treat 
generically, we neglect this gauge field in this general approach. 
The symmetries which the model should have are (i) Lorentz invariance, (ii) gauge 
invariance with respect to A^ + \ and (iii) the global gauge invariance associated originally 
with A(~\ 

T ^ e ld T. (2.29) 

Employing the BSFT and the sigma-model result, the coupling between the gauge field 
A^ and the tachyon is determined (under the assumption that we consider the constant 
gauge field strength and neglect the tachyon higher derivatives ddT) as 

S = 2T D9 J d w x e" |T|2/a ^det (l + VbF^f(X, Y). (2.30) 

In the above expression the invariants X and Y are defined as 

X = G^d^TdjT, Y = \G^ u d^Td u T\ 2 , (2.31) 



and the metric G is in the well-known form, 

1 



^={t^) ■ < 2 ' 32 > 

We omit the upper case (+) here and in the rest of this subsection. 
Classical solution 

In order for the fluctuation analysis to be performed, we require that a classical solution 
of the above system should be a linear profile of the tachyon: 

T = qx 9 , A^ = 0. (2.33) 

Then the equations of motion become a constraint on the unknown function f(X, Y): 



f - 2q 6X- 4q W 



= 0. (2.34) 

X=q 2 ,Y=q 4 



Fluctuation analysis 

First let us carry out the T\ fluctuation. Substituting T = qx 9 + ti(x) and A^ = 
into the action ( |2.3U| ) and picking up the quadratic terms, we obtain 

S = 2T D9 J d 10 x e~^ a (c^hY + ^(<Vi) 2 ) , (2-35) 
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where 



Ci = 



+ 6 9 777 + V 



5X 



5Y 



5X 2 



5X5Y 



(2.36) 



X=g 2 ,y=g 4 

Note that we use the equation of motion ( |2.34| ) here. Then the mass squared is 



m. 



a/(g 2 ,g 4 



-n, n > 0, 



(2.37) 



therefore there is a massless mode which corresponds to the transverse scalar field on the 
non-BPS D8-brane, that is the same as in the derivative truncated case. 

It is straightforward to check that this is also the case for the T 2 fluctuation. Substi- 
tuting T = qxg + it2(x), = into the action, we have 



S = 2T m I d 10 x 



( 



f(q 2 , <P 



\ 



2q 2 



SX q 5Y 



X = q 2 
y-„4 



The mass squared is 



rn 



(n-1) 



a\SX q 5Y 



, n > 0, 



X = q 2 
Y = q 4 



(2.38) 



thus there is a tachyonic mode. 

However, the result for the gauge fluctuation is a little bit different. The analysis for 
the gauge fluctuations gives the following quadratic action, 



S = 2Ti 



D9 _ 



bf(q 2 ,q 4 ) 



d 



10 



x e 



\*l F. 



(2.39) 



The remarkable point is the vanishing of the terms, therefore we have no massive 
tower, as opposed to the case of the two-derivative truncation. We have only the massless 
gauge mode localized on the kink solution. Note that, as for the gauge field, our general 
analysis does not include the action ( [2.12j ) of the previous subsection, because we have 
another contribution for F 2 from the metric G^ v . 

The lowest modes for the tachyon fluctuations t\ and t 2 are independent of Xg, as 
before. On the other hand, as seen above, the gauge fluctuation has no tower and hence 
no information on its x 9 dependence, thus we cannot include the gauge fluctuation in 
obtaining the effective action of the kink in the same manner as ( [2.28j ). However, in 
the expression ( |2.39| ) the gaussian factor in front of the field strength behave as a space- 
dependent dielectric constant |14j], thus the massless gauge field is localized on the kink. 
We conclude that we have obtained the precise field content on the non-BPS D8-brane 
by the fluctuation analysis in the general action ( |2.30| ). 
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3 Vortex Solution 



As mentioned in the introduction, how the stable BPS branes appear in the tachyon 
condensation of the brane antibrane system is the basis of the K-theory argument. After 
the development of the techniques to deal with the tachyon condensation such as the 
BSFT, we can now closely look at the nucleation of the lower dimensional BPS D-branes 
after the tachyon condenses. In this section, we focus on the creation of a BPS D7- 
brane as a vortex solution,^ from the tachyon condensation of the D9D9 system. After 
constructing the solution, we perform the fluctuation analysis and then see if the precise 
worldvolume field content appears on the vortex D7-brane. We will see that the general 
analysis independent of the form of the action, studied in Sec. 2.3, can be applied also 
here. Finally we derive the DBI action as an effective field theory of the fluctuation modes. 



3.1 Vortex solution for the tachyon field 

Since the inclusion of the gauge fields is accompanied by some complication which we 
shall see in Sec. 3.3, first we consider a simple situation where we treat only the complex 
tachyon field. The action in the two derivative truncation is written as 



S = 2T m J d l0 x e~' T ' 2 / a (l + |<9 M T| 2 ) . (3.1) 



Although the D7-brane should be realized as a co-dimension two vortex solution of the 
tachyon system, the well-known Derrick's theorem prohibit us from proceeding. Let 
us recall how Derrick's theorem applies to our situation with the action ( |3.1| ). Make the 
tachyon profile to depend only on two coordinates among the worldvolume directions, and 
suppose that we have a finite energy solution T = T so \. Then, the rescaling T so i(x) i— * 
T' = T so \(\x) changes the energy (action) to 

S' = 2T D9 V D7 J d 2 x e-\ T '\ 2 ' a (1 + |<9 M T'| 2 ) 

= 2T m V D7 j d 2 x' e-PU'OIV- (A 2 + |^T sol (a;')| 2 ) , (3.2) 

where x' = Ax. Since T so \ with A = 1 should minimizes the energy -^E(T so \) = 0, we 
obtain 

' d 2 xe -\T BOl \y a = ^ (33) 

which tells us that the tachyon solution should sit at the potential minimum everywhere, 
|T so i| = oo. This shows that there exists no vortex solution as far as we employ the action 



([O). To avoid this no-go theorem, we have to include terms supplying negative powers 



in A to stabilize the system against the rescaling, such as tachyon higher derivative terms 







We use the term "vortex" in a broad sense, not only for the usual gauge vortex. Following Sen's 



original usage, we specifically call the tachyon configuration (3.8) "vortex". 
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or gauge field kinetic terms. In this and the next subsections, we adopt the first approach. 
For the latter approach, see ||16|| H 

Let us consider an action of the four derivative truncation. The form of the additional 
terms respects the BSFT results[10, [11]], 

S = 2T m J d 10 x e-\ T \ 2 ' a (l + \d^T\ 2 + Pl \d,T\ 4 + p 2 (d,T)\d u T) 2 ) . (3.4) 

New coefficients p\ and p 2 are some numerical constant. The origin of these higher deriva- 
tive terms is as follows. The BSFT action obtained in [10, 11] for the linear tachyon profile 
is given by 

S = J d w x e-l T l 2 IT =li2 F(^), (3.5) 

where T = u\x$ + iu 2 xg and F(x) = 4 2 r(^ • We omit numerical coefficients and a' for 
simplicity. Performing Taylor-expansion for this action around u = and restoring the 
Lorentz invariance and the global gauge invariance (|2.29j), we obtain the action 



We can rephrase this in another way. Suppose that the action can be factorized as 

S = 2T m J d w x e- |T|2/a /(c>T), (3.6) 

then the general terms of the order (<9T) 4 in /, which are Lorentz invariant and global 
gauge invariant, are only the ones in the action (|3.4j ). 

Classical solution 

Assuming that the tachyon solution is linear, the equations of motion for this action 
HI) reduce to 



f[l- Pl \d^T\ 2 -p 2 (d^T) 2 (d u f) 2 ] -T(d fl f) 2 [l + 2(p 1 +p 2 )\d u T\ 2 ] =0. (3.7) 
A linear vortex solution is found as 

T = q(x 8 + ix 9 ), (3.8) 

where the real parameter q satisfies 4q 4 pi = 1. The true vacuum of the tachyon potential 
e -\T\ /a j g gi infinity of the tachyon configuration space, |T| = oo. We deal only 

with the co-dimension two solitons, hence the solitons are categorized by the homotopy 
group 7Ti(S' 1 ) = Z characterizing the winding number of the solitons. The above solution 
( |3.8|) has a unit charge in this sense. 

The reason why we have assumed the solution to be linear is that linear solutions with 
the winding number one are directly related to the Ramond-Ramond charge of the BPS 
D7-brane, through the Chern-Simons (CS) term of the D9D9 effective action computed 
in JlO], |TTJ. The relevant CS term is given by 

S cs = 2T D9 / C A Tm 3 exp ( 1 > (3-9) 



7 The action used in (Tm is slightly different from the BSFT results. 
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where we set the gauge field to vanish, and omit numerical parameters for simplicity. 
Substituting the solution ( |3.8|) into the above expression ( |3.9|) , we can obtain the D7- 
brane charge, 

S cs = 2T D9 ! e- |T|2 C (8) AdT AdT ~ I C (8) . (3.10) 
J Jv OT 



Fluctuation analysis 

Since the solution has a symmetry of interchanging x$ and xg simultaneously with the 
exchange of T\ and T 2 , it is sufficient to consider the fluctuation of T\ around the vortex 
solution (|3.8|), T = q(x s + ixg) + t 1 (x). Substituting this into (|3.4j), we have the action 



S 



2T, 



D9 



d 10 x e 



2q 2 



9 X 8 

ar a 



4(1 + q 2 



-xshdgh 



1+g 2 
q 2 



{d^f + -(dsh) 2 + 4p 2 q 2 ((dst,) 2 + (dgt,) 2 ) 



Q 



(3.11) 



where we have extracted only the terms quadratic in t\. After performing the field redef- 
inition 



t\ = t± exp 



q 2 (x 2 s + xp 
2a 



(3.12) 



we can eliminate the exponential factor in the action as 



S = 2T D9 J d 10 x ((2 + q 2 + 4p 2 q*) f^x 2 ^ + ^(dsh) 2 - 



+ (1 + q 2 + 4p 2 g 4 ) ( q -xli\ + - 2 {dA? ~ ~n 
\a z q z a 



l + q 



q 



, (d»h) 2 



(3.13) 



where fi denotes the directions along the worldvolume of the defect, 0, 1, ■ ■ • ,7. Solving 
the two-dimensional harmonic oscillator problem, the mass squared is found as 



m. 



^—((2 + q 2 + Ap 2 q A )n 1 + {l + q 2 + Ap 2 q A )n^ n h n 2 >0. (3.14) 



a(l + q 



The lowest mode for the fluctuations is massless and corresponds to the Nambu-Goldstone 
(NG) boson associated with the breaking of the translational invariance along xs- This 
mode is in fact the transverse scalar field on the BPS D7-brane. When we replace t\ by t 2 
which is the fluctuation for T 2 , from the symmetry mentioned above, we obtain the same 
result and get the transverse NG mode for the Xg direction. This is also expected to exist 
on the D7-brane. 



12 



3.2 Vortex solution in the brane antibrane system with gauge 
fields 

Let us proceed to include the gauge fields on the D9D9 system. First we treat the gauge 
field A^ . We employ a similar gauge coupling as the MZ model, then the total action is 
written as 

S = 2T D9 J d 10 x e-^ a (l + \d,T\ 2 + b -(F^) 2 + Pl {\d,T\ 2 ) 2 + p 2 (d,T) 2 (d v f ) 2 )(3.15) 

A classical solution naively extended is 

T = q{x 8 + tx 9 ), 4 +) = > ( 3 - 16 ) 

and we consider the fluctuation = A^(x) around this solution. Substituting these 
into ( |3.15| ), we obtain 

1 



S 



2Td9 

+A 8 
2q 



d 10 x I A 



-d 2 s -d 2 9 + " - 



a* X8 + Xg) a 



An + -FL 



Ff Ft 4- q q 
-O^ -0 9 + -^X g 



A 8 + Ag 



.f) 2 -d 2 + —r 2 - — 



Ac 



2q 2 



H xsAsldfxAfx + d 9 A 9 ] H x 9 A) + d 8 A, 

a a 

-2{d 8 A 8 d 9 A 9 + 9 8 i 8 9 A i A + dgAgdf.A 



2q 4 



X 8 X 9 A 8 Ag 



HJ ] i 



(3.17) 



where we have already redefined the gauge field as A^ = A^ exp(— q 2 (x\ + x\)/2a). This 
action has cross terms between A^ and A 8j9 , hence it is difficult to diagonalize this action. 
But if we choose the gauge condition d^A^ = 0, the Ap, part can be separated from the 
rest A 8 9 . In the following, we shall consider only the separated Ap part which is the first 
line of the above action. The mass squared is easily obtained as 

_ 2q 2 n 



n>0. 



(3.18) 



Thus, A^ ] has a single massless gauge field on the vortex, which is one of the correct 
massless content on the BPS D7-brane. 

Second, we move to the analysis of the fluctuations for Ap . The action we should 
consider here is the following: 

S = 2T D9 J d l0 x e- |T|2/a (l + DpTD^T + b -(F^) 2 + icF^D^TDJT 

+p 1 (D lx TD»f ) 2 +p 2 (D^T) 2 (D^f ) 2 ). (3.19) 



Here c is another numerical parameter. The derivative is now replaced by the covariant 
derivative, because T is charged under the gauge field A^ . We choose the following 
gauge choice 



x 8 A 9 - x 9 A 8 = 0. 



(3.20) 



13 



Under this gauge choice, the equations of motion can be solved by 

T = q{x 8 + tx 9 ), 4~ ) = > ( 3 - 21 ) 

with 4q 4 pi = 1. Considering the gauge fluctuations around the vortex solution, we 
obtain the action 

S = 2T D9 J d w x e -4<**8) (q\x s + x 2 )^ + (xj + x\f A\ + Aq%{x\ + xl)(Aj + A>) 



+-F* V + 2cq 2 



F/xsXgAf, + F^x^Ajx + (cross terms) 



(3.22) 



After the field redefinition A^ = A^ exp(— q 2 {x\ + Xg)/2a), we have 



S 



2T, 



D9 



d 10 x I A 



-dl - dl + 



a- 



(x 8 -+- x 9 ) — 



+2cg 2 



A,- 



+ (l + g 2 )(x2 + x 2 ) 
+ ^ + (A 8 ,A 9 terms)V (3.23) 



Since we have already used the gauge freedom, we cannot eliminate the cross terms 
unfortunately. In the following analysis, we simply put A 8 = A 9 = for our convenience. 
Then the mass squared for the A^ is 



m 



(-) 



bq 4 2q 



(2n + 2)J- l + g 2 + -^-c^- ~ — + c^-, n > 0. 



2« 



2g 2 4g 2 



(3.24) 



Whether the lowest mass squared is positive, negative or zero depends on the numerical 
value of, in particular, c. If we set c = 0, the lowest mass squared becomes positive, as 
desired.0 

We have seen that the parameters in the action are sensitive to the resultant fluctuation 
spectra. In the following, we present another approach which might be better than the 
approach above, in the sense that we need no information on c. 

The sensitive terms are higher derivatives, thus we stick to the two-derivative trunca- 
tion. Noting that Derrick's theorem does not mention about anything on the existence of 
a singular solution, we introduce a regularization 



S = 2T D9 J d w x e~ |T|2/a (l + (D^TD^f) 1+t + ^F f 



(3.25) 



8 If we substitute the numerical values obtained in into the mass formula ( 3.24 ) , we obtain an 
undesirable result in which inside of the square root in (3.24) becomes negative. The origin of this 
result gets back to the action (3.22). The sign of the coefficient of the terms quadratic in the gauge fields 
becomes negative, thus we cannot solve the Schrodinger problem with the unbounded potential. However, 
in the BSFT or the sigma-model approach, the coefficients pi = 4q 4 ,a,c are ambiguous and depend on 
the renormalization scheme |D|]. Furthermore, since we have used the derivative-truncated action, the 
field redefinition does not close in our scheme. Hence it would be less sensible to substitute the values 
of the coefficient obtained in the BSFT. We thank S. Terashima for giving us a helpful comment on this 
point. 
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Here e is a regularization parameter, and we take e — > later. Under the gauge condition 
( p.21| ), we obtain a classical solution 

T = q{x s + ix 9 ), A M = 0, (3.26) 

where 2q 2 = e _1 — > oo. This solution is singular and thus avoiding Derrick's theorem. For 
investigation of the fluctuation spectra, we redefine the gauge fields in the same manner, 
A/j, = exp(— q 2 (x\ + x\)/2a). In the limit e — > 0, the action for the fluctuation is given 

as 

2T m j >*[g 2 (z|+^)ij+^ 

where we extract up to second order of A M . Since we still have the cross terms again, we 
simply neglect the gauge fields A 8t $, then the mass squared for A^ is given byfl 



m 2 ) = (2n + 2)j4 + ¥-— > " > «■ ( 3 - 2 8) 

Thus the mass tower starts from the massive mode, which is consistent with the fact 
that the BPS D7-brane has a single massless gauge field coming from A^ in its effective 
theory. 



3.3 Universality of the fluctuation spectra 



We observed in Sec. |2.3| that, as for the kink solution, the results on the fluctuation in 
the two- derivative truncation are universal features found in a general action. In this 
subsection, following this success, we apply this generalization also to the vortex solution. 

The general action we consider is the same as before, (|2.30|) . If we include the gauge 
field A^ in the action, the number of the gauge-invariant terms is quite large. Thus 
to avoid this complication we again shall not consider this gauge field. We demand the 
solution to be the vortex configuration, T = q(x 8 + ixg), A^ = 0. Then the equation of 
motion becomes the following condition for f(X, Y): 



f~2q 



2&1 

5X 



0. 



. X=2q 2 ,Y=0 



(3.29) 



One of the preferable features of the generalized action ( |2.30| ) is that one can construct a 
D7-D5 bound state and (F, D7) bound state with correct ratio of the tensions by turning 
on the gauge fields on the worldvolume of the D7-brane vortex. See App. A for the details. 

First, let us examine the tachyon fluctuations: T = q(x% +^9) +ti(x). The quadratic 
action to which the fluctuation is subject is found as 



2q 2 



mf + C 2 tt ( ~dl- q - + %xl ) h + Csk (-dl- q - + \xl 



a cr 



a cr 



9 We can say that this result is the same as what one obtains in (3.24) with the two-derivative truncation 
limit pi — > (equivalently, q — > 00) and c = 0. In this sense, we have consistency. 
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where 



f \ 5Y 5X 2 



X=2q 2 ,Y=0 



1 + 



f SY 



(3.30) 



X=2q 2 ,Y=0 



In obtaining the above action, we have already redefined i\ = t\ exp(— q 2 (x 8 + Xg)/2a) 
and used the condition Q3.29|) . The mass squared is 



m. 



2q 2 

(C2W1 + 6*377.2) where rii > 0, i = 1, 2, 



(3.31) 



therefore the lowest mode is a massless mode. This is consistent with the previous analysis 
in Sec. 3.1. 

Next, we study the gauge fluctuation A^ + \ The action for the fluctuation A^ipc) is 
given by 



S = 2T, 



6/(2g 2 ,0) 



D9" 



d W x e-^^i) ((F«) 2 -2(F«) 2 ) 



(3.32) 



Here, again, interesting action is obtained (recall eq. ( |2.39p ). Above action tells us not only 
that the gauge potentials A 89 (x) are not mixed with the rest Ap, but also that A 8 $(x) 
have no kinetic term to run along the world volume of the D7-brane. Therefore they 
completely decouple from the physics on the D7-brane, except for the constant modes. 

Thus, we showed the universality of the results obtained in Sec. 3.1 and 3.2. This 
general analysis shows that the field content on the vortex (= the BPS D7-brane) is 
properly given from the fluctuation spectra. The decent relation concerning the tachyon 
condensation from the D9D9 system to the BPS D7-brane in Type IIB string theory is 
examined at the level of the low-energy effective field theories. 



3.4 Derivation of the Dirac-Born-Infeld action 

Let us construct the effective action for the lowest fluctuation modes. The quadratic 
approximation gives only a trivial action of massless scalars and a gauge field. We would 
like to go further in order to see the resultant brane physics. In this subsection, we will 
find that the DBI action is derived in the following manner. 

Let us focus on the massless modes t± and t 2 . We can give them a meaning of the 
displacement fields, and this enables us to go beyond the quadratic approximation. In this 
subsection we turn on the constant gauge field strength on the vortex worldvolume, 
and treat them as a background. We follow the procedure developed in (T^|. At last we 
obtain the DBI action for the vortex D7-brane. 

First, since the fields tig represent the transverse locations of the vortex in the x 8 -Xg 
plane, we can put them into the argument of the tachyon solution: 

T = T sol (y 8 ,y 9 ), |/8 = -^(^s +*i(^a))' 2/9 = -^(x9 + t 2 (xp,fj. (3.33) 

Here /3's are the boost factor obtained in the following manner. Let us consider ti (i = 1,2) 
linear in x^. These correspond to a special Lorentz transformation in the bulk, that is, a 
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rotation of the vortex brane: x i— > y = Aa;. Then, this rotation must preserve the metric 
on the brane as 



(A')GA = G. 
The metric on the brane is the open string metric 

1 



fJ,V 



G 



1 

and A is related to the displacement ( p.33|) as follows: 



G 



99 



(3.34) 



(3.35) 



A 



1/fy 



V 



dpfo/Jk 



(3.36) 



/ 



We determine the unknown parameters in the Lorentz transformation matrix A by sub- 
stituting ( |3.36| ) into the condition ( |3.34| ). The result is 



0s 



1 + GPdihdth, fa = Jl + G^dnhdoh, G^dahdoh = 0. 



(3.37) 



The first and the second equation determine the boost factor. The third equation indicates 
that the Lorentz invariance is satisfied only if dpt\ and dpti are orthogonal to each other. 
This property is due to that our ansatz ( |3.36|) for the Lorentz transformation does not 
include the rotation among x$ and x Q . 

Knowing the boost factor, we can proceed to obtain the effective action for Sub- 
stituting ( |3.33| ) into the action ( |2.30| ) and performing the integration along the directions 
^8 9 by changing the variables to the coordinates y$9, we obtain 



S = T m J d 8 x(3 8 (3 9 ^det (lv + y/bF^ 



Using the identity valid for arbitrary matrices [17] 



det(M) det (N + AM' 1 A 1 ) = det(N) det [M + A t N~ 1 A) = det 



M -A 1 
A N 



(3.38) 



(3.39) 



it is possible to show that the action ( |3.38|) is in fact the DBI action of the BPS D7-brane, 



S = T D7 J d 8 x^det (lv + VbFp + dfadpt! + d^dot^j . 



(3.40) 



Here we have used the relations ( p.37| ) and another orthogonality djxti^FG^d^ = 0. 

Finally we have obtained the DBI action as an effective action of the vortex solution. 
Therefore, at the effective action level, we have shown that Sen's conjecture is correct, 
on the part concerning the vortex-type tachyon condensation, a D9D9 pair — > a BPS 
D7-brane. 
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4 Conclusion and Discussion 



In this paper, we confirmed a part of the descent relations in Sen's conjecture, by using 
the low energy effective actions of a brane antibrane system. First, in Sec. 2, we analyzed 
the tachyon condensation from D9D9 system to non-BPS D8-brane using the effective 
action of the former. The action (|2.12 ) allows a tachyon kink solution (12.18 ), and the 



fluctuation around them reproduces the precise low energy field content on a non-BPS 
D8-brane, ( 2.19 ) ( 2.24j) (|2.27|) . The lowest fluctuation modes of the tachyon and the gauge 
fields obey the action of the Minahan-Zwiebach model ( |2.28| ) which is an effective theory 
of the non-BPS D8-brane, thus we verified the descent relation (1) in Fig. 1 at the level 
of effective field theories. 

Second, in Sec. 3, we carried out the similar analysis for the tachyon condensation (2) 
in Fig. 1, that is, from the D9D9 system to a BPS D7-brane, ( gig) fTlSl ) (|3~28|) . We 



obtained correct low energy matter content on the D7-brane, and gave a positive evidence 
for that they are subject to the Dirac-Born-Infeld action ( |3.40|) . 

Furthermore, in Sec. 2.3 and 3.3, we extended these analyses to include an arbitrary 
form of the action, and obtained the same results. Namely, a universality was found in 
the descent relations. 

We should make comments about the assumptions we made in this paper and their 
validity. Throughout the paper we studied fluctuation spectra for field by field, however 
generically there are mixing terms even at the quadratic level. It seems very difficult to 
diagonalize the total system, and thus we neglected these cross terms naively, then the 
mass squared of the fluctuations are given correctly. One of the cross terms is between 
t\ and t 2 in Sec. 3.1. One can show that the lowest modes of t\ and t 2 obtained there 
satisfy also the total equations of motion of them with mixings, hence this mixing seems 
irrelevant. However, we have no idea how to treat A^j and their mixing to in the 
vortex analysis in Sec. 3.2. The only salvation is that in the general treatment of Sec. 3.3, 
the mixing terms for vanish generically. Thus we expect that this kind of decoupling 
may happen also for A^ if we properly include higher terms in A^~>. 

If we turn our eyes to the future possibility of the effective field theory approach of the 
DpDp system and the tachyon condensation, we find many directions. It is important to 
generalize our analysis to the non-Abelian case and check the fluctuation spectra around 
lower-dimensional D-branes via Atiyah-Bott-Shapiro (ABS) construction. It is interesting 
to construct the various brane configuration in the brane antibrane system using the 



effective theory, following the construction in [fl8| , [0|. Some of the brane bound states 
are studied in the appendix. 

The final discussion is devoted to the following question: what is the concrete form 
of the effective action which reproduces all the desirable properties appearing in the 
descent relations? As shown in Sec. 2.3 and 3.3, we can get universal results on the 
fluctuation spectra by allowing rather general action ( |2.3(J| ). Now, since we obtained all the 
mass spectra and various properties of the defects, we can demand that these properties 
should reproduce the appropriate values in string theory — the values concerning mass 
spacing, tensions and tachyon masses. Let us list our results and see how this requirement 
constrains the arbitrary function f(X, Y) in the action. 
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Potential height. The potential height should be consistent with Sen's conjecture: 
the true vacuum of the tachyons can be interpreted as the annihilation of the two 
branes. Therefore, 



/(0,0) = 1. 



(4.1) 



Perturbative tachyon masses. In the original system of brane antibrane, we expand 
the potential and the function /, then the tachyon mass squared is given by 



zl (*L 

a \8X 



X=Y=0 



-1 

2rt 



(4.2) 



Existence of the kink and vortex solutions. This requirement is (|2.34j ) and ( |3.29|) 
the existence of q k (for the kink) and q v (for the vortex) which satisfy 



f - 2qk sx 



2 Sf 51 
qk 5Y 



f~2q z v 



2 Sf 



5X 



0. 



(4.3) 



X=2q%,Y=0 



Tension of the defects. The kink solution (a non-BPS D8-brane) and the vortex 
solution (a BPS D7-brane) have their tensions T = v^^ds an d T^j respectively, 



2T D9 f(ql,q%) 



V2T D8 , 2T D9 f(2ql 0)^ = T D7 . 



2q k 



(4.4) 



Mass spectrum of the fluctuation around the kink. From the mass spacing of t\ and 
t 2 , we have respectively 



2 2 $ 2 f 

af \5X +6qk 5Y +2qk 5X~i 



5Y 2 



+ 8qt 



6 2 f 
5X5Y' 



1 



a' 



a\ 5X 



±_ 



-i 



1 

a 7 ' 



(4.5) 
(4.6) 



Mass spectrum of the fluctuation around the vortex. The spacing of the series of 
the mass squared is identified with the corresponding value in string theory, 



H 

a 



8^51 
f SY 



J X=2ql,Y=0 



1 



f 5X 2 



X=2ql,Y=0 



n 



(4.7) 



for a certain positive integer n. Note that these two equations come from the two 
spacings of the mass squared in eq. (|3.31|) . 



Consistency with the Minahan-Zwiebach model. If we simply put T 2 = and replace 
2Td 9 with \/2Td9 in the action (|2.30| ), then we should have the non-BPS D9-brane 
action: 



S = V2T m J d 10 x e- T2/a ^/det(l + VbF) f(X,Y = X 2 



(4i 
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The tachyon field is real, and thus we have a relation Y = X 2 . The analysis for this 
action was given by Minahan and Zwiebach || [7]. [||, and that should be inherited 
to our action. Actually, the analysis for the kink in the above list gives sufficient 
conditions for the kink analysis of Minahan and Zwiebach. 

Unfortunately, we observe that the above conditions are far less than what determines 
the form of the function /(X, Y). In fact, the above relations only give particular relations 
only at given values of X and Y, thus there is no information of functional degrees of 
freedom. 

However, assuming that the parameters g& and q v diverge (which is actually realized 
in the BSFT), then we can extract some information on / around the infinities of the 
arguments. The result is that we can choose various parameters in / in such a way that 
all of the above conditions are satisfied. 
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A Bound States 

In this appendix, we construct various bound states of D-branes by generalizing the 
vortex solution (|3.8|) in the generalized action ( |2.3C| ). This is a supporting evidence for 
the analysis using the general action (|2.30 ). 

In the action ( |2.30|) , the gauge field strength for is coupled to the tachyon only 
through the metric G^ v and the Born-Infeld-type front factor. Therefore, if the following 
three conditions are satisfied simultaneously, the total equations of motion are solved: 

(i) The tachyon configuration is ( |3.8|) : T = q(x$ + ixg), and the function / in the 
general action satisfies the condition ( |3.29| ) again. 

(ii) The gauge fields transverse to the vortex worldvolume, As,9, vanish. 

(iii) The other gauge fields depend only on x , ■ • • , x 7 , and are subject to the Born- 
Infeld equations of motion. 

In particular, the equations of motion for the Born-Infeld theory can be solved of course 
by a constant field strength. This leads us to brane bound states. As an example, we turn 
on only = const. Then the resultant vortex solution is just a D7-D5 bound state in 
which the uniformly distributed D5-branes have their worldvolumes along £0,1,2,- ,5- The 
energy of the bound state can be calculated as 



£ D7 D5 = Wdet (l + v / 6F)2T D9 4/(2g 2 ,0) / d 8 x. (A.l) 
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On the other hand, the D7-brane energy is 

E D7 = 2T D9 ^f(2q 2 , 0) J d 8 x. (A.2) 
Thus we can obtain the correct result well-known in string theory, 



£ D7 D5 = J det (l + VbF^j E m . (A.3) 



This result is analogous to what was found in [12]. In addition, let us see how the 



Ramond-Raomnd charge of the lower-dimensional branes is realized in the CS coupling 



m 11 



f ( i?W _ |T| 2 dT \ 

S cs = 2T D9 / C A Tia 3 exp I ^ f(2) _ i^p ) • ( A - 4 ) 

Here we are sloppy about the numerical coefficients. Substituting the solution into eq. 
( |A.4j ), we can obtain the D5-brane charge and the D7-brane charge: 

S CS = 2T D9 J e~ m2/a C {6) A(F^ ] dx e Adx 7 ) AdT AdT + 2T m J e - |T|2/a C (8) ArfTAdf (A.5) 

Another example is an (F,D7) bound state. Turning on an electric component F07 = 
const, the energy of the Hamiltonian density is given as 



Wcp.dt) =C- n^i, = -j====H m . (A.6) 



Therefore we obtain 



E{F ' D7) = Tr^lP^ 7 ' (A ' T) 

which is identical with the well-known result in string theory. 

These phenomena intrinsically occur since the Born-Infeld action is factored out in the 
general action ( |2.30| ). Therefore, we can apply all the results in Born-Infeld dynamics in 
string theory, especially the various brane configurations realized in Born-Infeld theory. 
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